Multiaxial fatigue reliability is a challenging problem despite extensive progress made during the past few decades. Anisotropic materials, such as composite laminates, are under general multiaxial stress state even if the applied loading is uniaxial.
Introduction
Composite materials are widely used for many different industries, such as aerospace and automobile, because of their high strength and stiffness. The long term durability of composite materials is critical for the safety and integrity of structural and mechanical systems. Composite materials are inhomogeneous and anisotropic, which makes the fatigue problems of composite materials more complicated than that of homogenous and isotropic materials (e.g., metallic materials). The fatigue of composite laminates is multiaxial, and a special analysis approach is required for an accurate life prediction. In general, the multiaxial problem can be divided into two cases: one is caused by the anisotropy of composite materials and the other is caused by the external multiaxial loading.
Many engineering materials exhibit some degree of anisotropy in mechanical properties, such as unidirectional and multidirectional composite. Unlike the extensive progress in multiaxial fatigue analysis of isotropic materials, much further effort is needed to include the anisotropy of the material (Miller and Brown,1985) . Several investigations have been reported for anisotropic composite laminates. Degrieck and Van Paepegem (2001) classified existing fatigue models into three categories: fatigue life models (S-N curves), phenomenological models for residual strength or residual stiffness, and progressive damage models. Hasin and Rotem (1973) proposed a failure criterion which mimic the form of static strength criterion, based on two major failure modes (fiber failure and matrix failure). Sims and Brogdon (1977) extended the static failure principle, proposed by Tsai-Hill, to fatigue problem. Aboul Wafa et al. (1997) investigated the application of some polynomial failure criteria for fatigue analysis. Reifsnider and Gao (1991) proposed a micromechanics-based model which can take into account the interfacial bond. Wu (1993) , proposed different failure criteria based on the Tsai-Hill criterion. Philippidis and Vassilopoulos (Sep 1999) proposed a failure criterion based on the Tsai-Wu criterion. Petermanna and Plumtree (2001) proposed a critical plane model for unidirectional laminates under off-axis tension-tension fatigue loading. Kawai (2001) , Kawai et al (2001) proposed an effective stress model for the unidirectional laminates under off-axis loading, which is based on the Tsai-Hill static strength theory. proposed a multiaxial damage accumulation model for multidirectional laminates under tension-tension fatigue loading.
Single applied off-axis loading causes proportional multiaxial stress state within the laminates. Most of the fatigue models for anisotropic composite laminates are for proportional multiaxial stress state; however very few theoretical and experimental studies are found in the literature for the non-proportional multiaxial fatigue analysis. No universally accepted multiaxial fatigue damage model exists for different materials and different loading conditions (Liu and Mahadevan,2007) . In addition, huge uncertainties are associated with the fatigue damage process of composite materials, which is usually larger than that of metallic materials (Liu and Mahadevan,2007) . The uncertainties associated with the fatigue damage accumulation can be caused by material properties, structural configurations, and the manufacturing processes. A probabilistic approach is more suitable for fatigue analysis of composite materials.
The key objective of this study is to develop a probabilistic life prediction framework for composite laminates. Many fatigue reliability analysis methodologies used the simulation-based approach, such as direct Monte Carlo simulation to calculate the probabilistic life prediction Liu and Mahadevan,2009 ). This approach is time consuming for system level applications. Other approaches solved the problem in a similar way with that of the time-dependent reliability, i.e., calculating the reliability level at a target life Mahadevan,2007, Liu and Mahadevan,2009 ).
This approach cannot give direct probabilistic life prediction. A novel inverse first-order reliability method (FORM) is proposed in this study to calculate the residual life directly.
The inverse FORM method is originally proposed for reliability-based optimal design (RBDO) problem (Der Kiureghian, Zhang and Li,1994) . Several studies for static failure using the inverse FORM method have been reported in the literature. Sanranyasoontorn et al. (2004) developed an inverse reliability procedure for wind turbine components. Cheng et al. (2006) applied the inverse FORM method to estimate the cable safety of long-span bridge. Very few studies have been found on the investigation of the inverse FORM method to time dependent fatigue problem, probably due to the difficulties with the implicit response function (Cheng, Zhang, Cai and Xiao,2007) .
In this paper, a general methodology for multiaxial fatigue reliability analysis of composite laminates is proposed. The proposed methodology is based on a unified multiaxial fatigue model for both isotropic and anisotropic materials and the inverse first-order reliability method (FORM) for time dependent fatigue reliability analysis. The current fatigue model is a critical plane-based model. Most of the earlier models based on the critical plane approach assume that the critical plane only depends on the stress state. In the current model, the critical plane not only depends on the stress state but also on the material properties. The critical plane is theoretically determined by minimizing the damage introduced by the hydrostatic stress amplitude, which makes the proposed model have almost no applicability limitations with respect to different materials. Various uncertainties from materials properties, ply configurations, and volume fractions are included in the proposed methodology. Probabilistic life prediction using the inverse FORM method is compared with direct Monte Carlo simulation for model verification. A wide range of experimental fatigue data of composite laminates are used to validate the proposed methodology. Generally, the predictions based on the proposed model agree with the experimental observations very well.
Multiaxial fatigue model

Multiaxial fatigue model for isotropic materials
A multiaxial fatigue damage criterion (Liu and Mahadevan,2005) was developed based on the nonlinear combination of the normal stress amplitude, shear stress amplitude and hydrostatic stress amplitude acting on the critical plane, as (Liu and Mahadevan,2005) . Only the results of the model parameters are reported here in Table 1 .
In Table 1 ,
is the fatigue strength ratio under the pure shear loading and the pure uniaxial loading. For any arbitrary multiaxial loading history, the maximum stress amplitude plane is identified first. This is achieved by enumeration, by changing the angle by 1 degree increments. Then, the angle α and material parameters are determined for different materials according to (1)) to anisotropic materials, we need to specify a reference plane, on which the fatigue strength under uniaxial and pure shear loading can be evaluated. In the current model, the key point is to calculate the angle between the maximum normal stress amplitude plane and the critical plane. The reference plane is first defined for the anisotropic material as the plane that experiences the maximum normal stress amplitude.
Thus, Eq (1) is rewritten as a unified multiaxial fatigue criterion:
where max θ indicates the direction of maximum stress amplitude. For isotropic materials, Eq. (2) 
Eq. (3) can be rewritten as:
is the strength ratio of under pure shear loading and the uniaxial loading along the direction of max θ . (4) can be treated as an equivalent stress amplitude. It can be used to correlate with the fatigue life using the uniaxial S-N curve along the direction of zero degree. Detailed derivation and concept can be found in (Liu and Mahadevan,2007) The procedure for the fatigue analysis of anisotropic materials is almost identical with that of isotropic material. For any arbitrary loading history, the maximum stress amplitude plane is identified first. The uniaxial and pure shear fatigue strength along this direction is also evaluated from experimental data. Then the angle α and the material parameters are determined for different materials according to Table 1. Notice that, the quantity s in Table 1 is now redefined as
. Finally the equivalent stress amplitude and the fatigue life are calculated using Eq. (4).
For an arbitrary anisotropic material, the variation of the uniaxial and pure shear fatigue strengths corresponding to the orientation of the axes is quite complex and requires extensive experimental work to quantify. However, for some special anisotropic materials, this can be simplified using one of the strength theories available in the literature. In this paper, an example of orthotropic composite laminate is used for illustration.
Consider a fiber reinforced composite laminate. Several static strength theories have been proposed for orthotropic laminates, such as Tsai-Hill and Tsai-Wu theory (Daniel and Ishai,2006) . In this study, the Tsai-Wu theory is used. For the case of plane stress, the Tsai-Wu theory is expressed as: 
where 1 σ and 2 σ are the stresses along the fiber direction and transverse to the fiber direction, respectively, and 6 σ is the in-plane shear stress. 11
F are strength parameters and can be calibrated using experiments. 
For the fatigue life model, the fatigue strength coefficients are also functions of the fatigue life ( f N ), which can be evaluated from the experimental S-N curves. Eq. (9) is rewritten as: , in which the Tsai-Wu criterion reduces to the von Mises criterion.
The above discussion can be easily applied to a laminate with multiple plies, following the steps described in (Liu and Mahadevan,2005) . First, divide the total fatigue life into several blocks. In each block, check the failure of each ply using the above model. If no failure occurs, accumulate the fatigue damage for each ply. If failure occurs, assume that the ply strength and stiffness decrease to zero. Then update the global stiffness matrix and proceed to the next step. The computation continues till the entire laminate fails. The number of the loading cycles to failure is the fatigue life of the composite laminate.
Inverse FORM method
The above discussion is for deterministic analysis and is not sufficient to capture the stochastic behavior of fatigue damage of composite materials. A general inverse reliability methodology is proposed in this study to include various uncertainties from materials, geometries and manufacturing for probabilistic fatigue life prediction of unidirectional and multidirectional composite laminates. Details are shown below.
The first-order reliability method is a widely used numerical technique to calculate the reliability or failure probability of various engineering problems. Many studies have been reported on static failure problems using the FORM method (Thorndahl and Willems,2008 , Skaggs and Barry,1996 , Cizelj, Mavko and Riesch-Oppermann,1994 . It has been applied to fatigue problems to calculate the time dependent reliability. Unlike the FORM method Mahadevan,2009, Haldar and Mahadevan,2000) the inverse FORM method tries to solve the unknown parameters under a specified reliability or failure probability level, which is more suitable for probabilistic life prediction (i.e., remaining life estimation corresponding to a target reliability level). In the inverse FORM method, a limit state function needs to be developed first, such as the generic expression of Eq.(11-a). x is the vector of random variables and y is the vector of indexing variables. For example, x could be the random material properties, loadings, and environmental factors and y could be the time and spatial coordinates. The limit state function need be transformed to the standard normal space for the calculation, which is similar to the classical FORM method (Haldar and Mahadevan,2000) . The numerical search for the unknown parameters needs to satisfy the reliability constraints, which are described in Eqs.11(b-c). β is the reliability index, which is defined as the distance from origin to the most probable point (MPP) in the standard normal space. The failure probability P f can be calculated using the cumulative distribution function (CDF) Φ of the standard Gaussian distribution. Numerical search is required to find the optimum solution, which satisfies the limit state function (Eq. 11(d)). Details of the general inverse FORM method and concept can be found in (Der Kiureghian, Zhang and Li,1994) .
The overall objective of the inverse FORM method is to find a non-negative function satisfying all constraint conditions specified in Eq. (11). Then the numerical search algorithm can be used to find the solutions of the unknown parameters. Following the general concept of the first-order reliability method, the limit state function is approximated using the first-order Taylor's series expansion to facilitate the calculation. 
where ε is a small value and indicates that the relative difference between two numerical solutions is small enough to ensure the convergence. Using the proposed methodology, the complex probabilistic fatigue life prediction problem can be solved efficiently compared to the direct Monte Carlo simulation method. It is noted that the above derivation assumes the random variables are standard Gaussian variables. In practical engineering application, non-Gaussian variables are commonly used for some nonnegative physical quantifies, such as strength and Young's modulus. The proposed inverse FORM method can be extended to non-Gaussain variables with proper random variable transformation. This paper uses the transformation method proposed by Rackwitz and Fiessler (June 1976) to transform the non-Gaussian variables to their equivalent standard normal space. After that the proposed inverse method can be used.
Once the solutions are obtained in the standard normal space, the inverse transformation can be used to transform the solution to its original space. The random variable transformation can be expressed as are the probability density function (PDF) of the standard normal random variable and the non-normal random variable, respectively. This transformation works well for the fatigue problem of composite laminates since the distributions of random variables are not highly skewed. For highly skewed distribution, the transformation proposed by Rackwitz and Fiessler (1978) can be used instead.
Numerical example and model verification
The above discussed inverse FORM method is applied to probabilistic fatigue life prediction of composite laminates integrating the mechanism model. The limit state function is shown as 0 ) ... , ( ()
X 1-13 are the random variables. N is the indexing factor and represents the failure time.
f( ) represents the proposed model of fatigue life prediction for composite materials. It is noted that the f( ) is a generic implicit function and no analytical solution for the derivatives is available. The perturbation-based finite difference method (Sauer,2006 ) is used to calculate the first-order derivatives in the proposed inverse FORM framework.
Thirteen random variables are included in the calculation. They includes the elastic 
where S is the stress amplitude level and N is the fatigue life. A and B are material properties and are assumed to be random variables. Since three independent fatigue S-N curves are required in the proposed mechanism model, six random variables are included.
A D155 balanced laminate is selected for numerical example, which consists of three pairs of ply with identical thickness and elastic properties but with ±10 degree orientations. The mean value of the above mentioned random variables can be found in (Mandell J.F.,Feb, 2003.) . For demonstration purpose, the coefficient of variation for all random variables is assumed to be 0.05. All random variables are assumed to be lognormal variables except for the power coefficient B in Eq. (24), which can take the negative value and is assumed to follow normal distribution. 
Validation of the proposed method
A wide range of experimental data on unidirectional and multidirectional composite
laminates is used to demonstrate and validate the proposed probabilistic life prediction methodology.
Experimental data and statistics of input random variables
Seven sets of fatigue experimental data for unidirectional composite laminate under off-axis loading are employed in this section, and are listed in Table 2 .
The experimental S-N curves along the fiber direction, transverse to the fiber direction, and pure in-plane shear stress are required in the proposed fatigue model. The curves along and transverse to the fiber direction are usually reported. However, most of the fatigue experimental data do not include the pure shear test results. It is possibly due to the difficulty of applying the pure shear loading to the composite laminate. In the proposed study, the S-N curve under pure in-plane shear stress is calibrated use one additional off-axis fatigue test data by a trial and error method (Liu and Mahadevan,2005) . For example, the S-N curves for a D155 balanced laminate along the fiber and transverse to the fiber are reported in (Mandell J.F.,Feb, 2003.) . The experimental data is shown in Fig.2 (a) and (b) are reported in (Mandell J.F.,Feb, 2003.) . The coefficient of variation of all the other five random variables are assumed to be 0.05 (Liu and Mahadevan,2005) .
Validation for unidirectional composite materials
In Fig. 3 , the model prediction of the median life and its 90% confidence bounds are plotted together with the experimental data. The x-axis is the fatigue life and the y-axis is the stress amplitude. A semi-log scale plot is used (i.e., only the x-axis is in log scale).
The solid lines are the median prediction results and dashed lines are the 90% confidence bounds. All points are the experimental observations under off-axis loading at different angles. The angles of the off-axis loading are shown in the legends. As shown in Fig. 3 , the median prediction results agree very well with the experimental results. In addition, different uncertainties of experimental data can be quantitatively predicted using the proposed probabilistic methods. Almost all the experimental data lies in the 90% confidence bounds. 
Validation for multidirectional composite laminates
Fatigue test data of glass-fiber-based multidirectional composite laminates (Mandell J.F.,Feb, 2003.) The prediction results and the experimental observations are plotted in Fig. 4 . The xaxis is the fatigue life and the y-axis is the applied stress amplitude. The solid lines are the median prediction results and dashed lines are the 90% confidence bounds. From Fig.   4 , generally satisfactory results can be observed with a few exceptions. In all cases, the median predictions capture the major trends in the experimental observations. The 90% confidence bounds covers majority of the experimental data. laminates.
-The proposed inverse FORM method has been verified with direct Monte Carlo simulation results and validated with extensive experimental data.
-The scatter of experimental data can be predicted using the quantified uncertainties of material properties, geometric configurations, and manufacturing processes and the proposed probabilistic framework.
-It is observed that the predictions results have a better agreement for unidirectional composite laminates, which suggests that a more comprehensive mechanism model for multidirectional composite laminates is required to include other factors, such as delaminating between plies.
Current investigation focuses on the constant proportional multiaxial loading.
Further model development and validation are needed for general nonproportional random loading. Geometric effects, such as holes and notches, need further study for structural level applications. Fig.1 Comparison of the direct MC method with the inverse FORM method Tables   Table 1. Material parameters for fatigue damage evaluation Table 2 .Experimental data for unidirectional materials Table 3 . Experimental data for uniaxial materials and multidirectional material 
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